In this paper we consider historical genesis of trifocal curve as an optimal curve for solving the Fermat's problem (minimizing the sum of distance of one point to three given points in the plane). Trifocal curves are basic plane geometric forms which appear in location problems. We also analyze algebraic equation of these curves and some of their applications in architecture, urbanism and spatial planning. The area and perimeter of trifocal curves are calculated using a Java application. The Java applet is developed for determining numerical value for the Fermat-Torricelli-Weber point and optimal curve with three foci, when starting points are given on an urban map. We also present an application of trifocal curves through the analysis of one specific solution in South Stream gas pipeline project.
1
The Fermat problem is given in original Latin as (Fermat, 1679) : 'datis tribus punctis, quartum reperire, a quo si ducantur tres rectae ad data puncta, summa trium harum rectarum sit minima quantitas' or in the English translation 'for three given points, the fourth is to be found, from which if three straight lines are drawn to the given points, the sum of the three lengths is minimum' (Brazil et al., 2013) .
French mathematician Pierre de Fermat in XVII century in a private letter to Italian physicist and mathematician Evangelista Torricelli (Torricelli et al., 1919 ) stated a problem of finding a point with following property: the sum of distances from one point to the vertices of a given triangle is minimal. The first solution of this problem was given by Torricelli with three equilateral triangles over the sides of the initial triangle and three circumcircles of equilateral triangles. Then the point of intersection of these circumcircles is solution of Fermat problem and it's called Fermat-Torricelli point F (Figure 1 ). This point in literature is known as the fifth significant point of the triangle 1 Vojvode Stepe 305, 11000 Belgrade, Serbia majapet@sf.bg.ac.rs (Mladenović, 2004 ) and this point is said to be the first triangle center discovered after ancient Greek times (Volek, 2006) .
Next step in the research of Fermat's problem was given by Bonaventura Cavalieri. He proved that three line segments from vertex of the triangle through the Fermat-Torricelli point (short dash line on Figure 1 ) determined angles of 120° (Kirszenblat, 2011) .
Vincenzo Viviani, the pupil of Torricelli and disciple of Galileo, had published Torricelli's solution (Pérgamo and Viviano, 1695), which in modern terminology was given by Heinrich (1965): 1. If all angles in ∆ABC are less than 120°, the point F that minimizes the sum of its distances from vertices A, B, C is the that point inside ∆ABC at which AFB = BFC = CFA = 120°.
2. If some angle of ∆ABC is 120° or more, say the angle at C, then F=C.
One century later, English mathematician Thomas Simpson in his paper Doctrine and Application of Fluxions (Simpson, 1750) simplified the previous Torricelli construction.
He connected the outside vertices A 1 , B 1 , and C 1 of equilateral triangles with appropriate vertices of the initial triangle ∆ABC (long dashed line on Figure 1 ). The point of intersection of Simpson's lines is the FermatTorricelli point F (Kirszenblat, 2011) .
One upper bound of the sum of distance from the interior points to the vertices of initial triangle is given with the following inequality: R A +R B +R C <max{a+b, b+c, c+a}. This inequality was given by Dutch mathematician Visschers (Crux, 1997) and it is proved by Romanian mathematician József Sándor (Sándor, 2005) .
The Fermat-Torricelli point is the default point for optimal location in sense of the minimal sum equal weight distance from the point to vertices of triangle as considered by Austrian economist Alfred Weber (Weber, 1929 ). Weber's problem was later expanded on weighted problem with three points: find the location for factory such that transport costs to the factory from three resource suppliers are minimized, provided that the appropriate distances are multiplied by weight factors of objects that signify their importance to production process.
LOCATION PROBLEMS
These fundaments of optimization problems of Fermat-Torricelli-Weber type are a good foundation for location analysis. Let us emphasize that Location analysis, Graph theory, Mathematical programming, Game theory and others belong to the area of Operational research. Location problems themselves have great application in Urbanism, Architecture, Traffic, Industry (Boltyanski et al., 1999 , Drezner and Hamacher, 2002 , Volek, 2006 , Teodorović, 2009 , Watanabe et al., 2009 . Current division of location problems to continuous, discrete and network (Mladenović, 2004) was based on the idea where to locate objects; if they are in the plane; what number of objects are serviced; in what way to allocate clients who demand service in objects, etc. If it is possible to locate object in any point of considered region than the problem in question is continuous location problem. With discrete location problem object location is possible only in the predetermined set of points. With network model of the location problem, field of possible new location is anywhere on the given network; set of vertices on it is finite, and the set of arcs that connect vertices is continuum.
Classification of location problems (Teodorović, 2009 ) is also possible based on characteristics of certain location problems toward:
• Number of objects on network (one or more objects); • Allowed places for object location (continuous or discrete location problems); • Type of objects on network (medians, centers or objects with predefined system performance); • Type of algorithm used for solving location problem (exact or heuristic algorithm);
• Number of criteria functions on which object locations are based (one or more criteria function).
METRIC IN LOCATION PROBLEMS
Choice of a metric for measuring distance is of fundamental importance for solving location problems. Metric is defined by nature of the problem. Most common metric for solving location problems is Euclidean distance, and often that is the Euclidean distance with correction factor. Statistically it has been shown that measuring distances by roads gives 10-30% longer distances than corresponding Euclidean distance (Teodorović, 2009) . If location problem in question is of urban nature and streets of the considered city are perpendicular to each other, than the distance is best determined by taxicab metric (Farahani and Hekmatflar, 2009 ). Location problems are most commonly connected to the plane. Still, as Earth's surface can be approximated by plane only in small dimensions, it is only logical that instead of Euclidean geometry, Riemann geometry is used. In that case, the shortest distance between two cities (objects) is given by geodesic line. These lines are curves whose geodesic curvature is equal to zero in any point. On the sphere, geodesic line is great circle or orthodrome. Loxodrome is another geodesic line which is used for determining the distance between two points on sphere. Sea lines of communication are mostly loxodromic, so solving location problems in waterway traffic is conditioned also by loxodromic distance.
Let us note that Minkowski distance of the order p :
for two observed points A(x A , y A ) and B(x B , y B ) is considered for value of parameter p≥1 (Farahani and Hekmatflar, 2009 Naturally, the term 'distance' can also consider time distance, cost of travel or any other variable relative for location problem.
TRIFOCAL CURVE AS MODEL FOR SOLVING LOCATION PROBLEMS
Scottish physicist and mathematician James Clerk Maxwell wrote his first scientific paper (Maxwell, 1847) in area of mechanical meaning of drawing mathematical curves (Harman, 1990) : ellipse -curve with two focuses and curves with more than two focuses.
Standard definition of trifocal ellipse is given by the following equation: R A +R B +R C =S (1) where:
Euclidean distances of the point M(x,y) to three foci A(x A , y A ), B(x B , y B ), C(x C , y C ) and for given parameter S>0. The Fermat-Torricelli point determines the minimal value of parameter S=S 0 . If 0<S<S 0 then trifocal ellipse doesn't exist, and for S>S 0 trifocal ellipse is a nondegenerated egg curve. In that case, the following names are applied for curve: egglipse, trisoid, polyellipse, trifocal ellipse, 3-ellipse, multifocal ellipse, etc. (Sahadevan, 1974 (Sahadevan, , 1987 Melzak and Forsyth, 1977; Erdös and Vincze, 1982; Sekino, 1999; Khilji, 2004) .
These curves have oval shape and their construction is well known even from seventeenth century, but only in relation to Descartes construction of multifocal curves (Descartes, 1638) . Maxwell construction has given certain simplifications (Mahon, 2003 ). Let us notice that research of egg curves in engineering and their constructive geometrical solving are very contemporary because of ergonomics of their ovoid, bionic form (Rosin, 2000 , Petrović, 2010 , Barrallo, 2011 . Also, the application of these curves on different problems of Fermat-TorricelliWeber type are given in papers from theory of optimization (Soothill, 2010 , Kupitz et al., 2013 . P.V. Sahadevan was the first to introduce the term egglipse -a new curve with three focal points (Sahadevan, 1987) . Sahadevan also introduced a classification of trifocal ellipses with collinear focuses in two categories. Trifocal ellipse is considered abnormal if focus F 3 is located at the middle of segment formed by F 1 and F 2 , and if not, it is considered as normal (Sahadevan, 1974) . By analyzing normal trifocal ellipse Sahadevan had found parametric equation of this curve and calculated area, using elliptic integral of first order. Varga and Vincze had also given similar parameterization of trifocal ellipse (1), (Varga and Vincze, 2008) . The area of this closed curve was also determined using program package Maple. In literature we couldn't find procedure for finding perimeter and area of trifocal curve for noncollinear foci (Figure 3 ) so special subroutine was developed in Java applet for calculation of their approximate numerical value.
Subject of this paper is the trifocal ellipse (1). Let there be given expressions:
2 +(y-y B ) 2 , Q 3 =(x-x C ) 2 +(y-y C ) 2 , and S=const, S>S 0 .
Let us consider the following algebraic transformations of equation (1) 
JAVA APPLICATION FOR VISUAL REPRESENTATION OF TRIFOCAL CURVES
In this paper we describe the application which was developed in programming language Java, whose purpose is to determine weighted FermatTorricelli point based on image input in application. Our application was developed in programming language Java since it was intended to be available over the internet. One of the basic goals of this project was for the application to be available for all researchers in this field, which asked for platform independent programming language, such as Java, to circumvent a need for several separate distributions of the application. Because the application was developed as an applet, and has a wide spectrum of functionalities, as well as new changes that company Oracle has introduced to runtime environment of programming language Java about digitally signing all files, when application is run, security question pops up which has to be answered confirmatively. As the application was intended to be available free of charge, no digital key from certified organization was available. Internet application is available as 3-Ellipses software on webpage http://symbolicalgebra.etf.bg.ac.rs/JavaApplications/3-Ellipses/index.html.
While developing Java applet, two types of graphical representations were implemented. The first type of graphical representation defines the interior of trifocal ellipse for the given triangle of foci and parameter S, as well as area and perimeter of region defined by it. Calculation of the area and the perimeter was determined by approximating graphical-numerical methods. Also, accuracy estimate of considered calculation was determined. For higher precision it is necessary to use Calculus by computer algebra systems as Maple (Zuber and Štulić, 2006) or Mathematica (Groß and Strempel, 1998, Petruševski et al., 2010 In menu labeled Opacity users can select a level of the opacity of graphical representations. Offered options are 20%, 40%, 60%, 80%, 100% and the custom level of the opacity where users are prompted in a dialog to input decimal value ranging from 0 to 100 (Figure 4b ).
One of functionalities that was developed in the application is setting of the background map to graphical representation. In the menu labeled Background, users can select from several predefined maps for background, remove background image, or input background image of their choosing (Figure 4c ). 
EXAMPLES OF APPLICATION OF JAVA APPLET IN URBAN AND SPATIAL PLANNING
In this part of the paper we shall conduct the analysis of application of Fermat-Torricelli point for three given points, i.e. locations/cities in whose near proximity South Stream pipeline is located.
Gas lines start from southern part of Russia, close to Beregovaya city at the bottom of the Black Sea, to Varna city in Bulgaria. The total length of the Black Sea section will exceed 900 km. The onshore section in Europe will be 1,455 km long ( Figure 5 ).
Near Pleven city in Bulgaria was planned that the pipeline would split in two ways. One part would run from Bulgaria, over the Greece, and under the sea to Italy, and other would go accross Serbia and Hungary to Austria. South Stream will enter Serbia from Bulgaria near Zaječar, eastern Serbia, and exit near Subotica, northern Serbia.
If three given locations of Beregaya (Russia), Thessaloniki (Greece) and Subotica (Serbia) are observed, Fermat-Torricelli point would be near Pleven in Bulgaria (Figure 6a -see small trifocal curve around Pleven). On Figure 6b near FermatTorricelli point isolines which are trifocal ellipses can be seen. Selecting Varna (Bulgaria) instead of the location Beregaya (Russia), the developed application determines that Fermat-Torricelli point also stays near city Pleven (Figure 6c ). Let us notice that the optimal point in proximity of city Pleven is acquired with values of weight factors of one in this application. It infers that both sides of the pipelines to Thessaloniki and Subotica are equally important. Graphical representation of trifocal curve, calculation of its area and perimeter for set value of S>S 0 is available in the application. Let us note that similar web-based support of spatial planning in Serbia was considered by Bazik and Dželebdžić (2012) .
CONCLUSION
The application of trifocal curves through analysis of one specific solution in urban and spatial planning was presented in this paper. The developed Java applet for plotting of these curves had enabled visual representation of optimal solution as well as fast calculation of numerical value of parameter S (that is minimum sum of distances). The area and perimeter of trifocal curve for any initial values of coordinates of points A, B, C, parameter S, and weight factors w A , w B , w C were also developed.
Our research of optimal curves will further consider curves based on n input points (where n≥4). The analytic and algebraic representation of these n -focal curves will also be considered. A similar line of research is also visual representation of these curves for other types of metric (Manhattan, Riemann or corrected Euclidean distance).
